Exercise6F: Solutions
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Therefore P(1) is true.

Assume that P(k) is true so that
1+2+---+k=k(k2+1)- (1)
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= RHS of P(k + 1)
Therefore P(k+ 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.
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Therefore P(1) is true.



Assume that P(k) is true so that
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= RHS of P(k + 1)

Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.
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If n =1 then

n(n+1)(2n + 1)
6

LHS =121
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Therefore P(1) is true.

P(k)
Assume that P(k) is true so that

(k4 1)(2k + 1
2+2% 4k = b+ )ﬁ( D (1)

LHSof P(k+1) =12 +22 4 ... + k2 4 (k+1)2
k(k+1)(2k+1)

- e+ (k+ 1 (by (1)

k(k+1)(2k+1) 6(k+1)?
6 7%

k(k+1)(2k+1) +6(k+1)?

B 6

_ (k+ 1) (k(2k + 1) + 6(k + 1))
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(k+1)(2k? + k + 6k + 6)
- 6
_ (E+1)(2k* + Tk +6)
N 6
(4 1)(k+2)(2k + 3)
N 6
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N 6
= RHS of P(k + 1)
Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.
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If n =1 then
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and
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Therefore P(1) is true.

Assume that P(k) is true so that

1-24---4+k-(k+1)= b+ D+ (1)

3

LHS of P(k+1)=1-2+---+k-(k+1) + (k+1)- (k+2)
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B 3 + 3
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- 3
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=RHS of P(k+ 1)
Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.
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Ifn =1 then
1 1
LS =1"3-3
and
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Therefore P(1) is true.
P(k)
Assume that P(k) is true so that
1 1 __E
1.3 7" 4'(2;@--1}(%4-1)'_ 2k +1°
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= RHS of P(k + 1)
Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.
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Therefore P(2) is true.

Assume that P(k) is true so that

1 1 k+ 1
1—— ) (1-
(-5) ()5
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k+1 (k+1)% 1
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=RHSof P(k+1)
Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

11™ — 1 is divisible by 10
P()

If n =1 then

' -1=11-1=10
is divisible by 10. Therefore P(1) is true.
Assume that P(k) is true so that
1n*—1=10m (1

for some k € Z.



1 _1=11x11* -1
=11x (10m+1)—1 (by (1))
=110m+11-1
= 110m + 10
= 10(11m + 1)
is divisible by 10. Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

3% 4 7 is divisible by 8
If n =1 then
3>l L 7=-047=16=2x8

is divisible by 8. Therefore P(1) is true.

P(k)
Assume that P(k) is true so that
3* 7=8m (1)

for some k € Z.

P(k+1)
:32k % 32+7
=Bm-T)x9+7 (by(1))
=T2m—-63+7
= T2m — 56
=8(9m —17)

is divisible by 8. Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

™ — 3™ is divisible by 4
If n =1 then
7'-3'=7-3=4
is divisible by 4. Therefore P(1) is true.
Assume that P(k) is true so that
h_3k=—am (1)

for somem € Z.



7k+1 _ 3k+1 —7x 7:: _ 3k+1
=7x (4m+3%) -3 x3* (by(1))
=28m+7x3F—3x 3k
= 28m +4 x 3F
— 4(7m + 3%)
is divisible by 4. Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

5™ + 6 x 7" + 1 is divisible by 4

P(1)
Ifn=1then
5li6x7l41=48=4x12

is divisible by 4. Therefore P(1) is true.

Assume that P(k) is true so that
sEr6xF1=am (1)

for some k € Z.

R 6 x TP 11 =5x5F46xTx T 41
=5x (4m —6 x 7F —1) + 42 x 7¢!
=20m —30x 7F — 5442 x TF 41
=20m+12 x 7% — 4
—4(5m+3x 7" —1)
is divisible by 4. Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

4™ > 10 x 2" wheren > 4

If n = 4 then
LHS = 4* — 256 and RHS = 10 x 2* = 160.
Since LHS > RHS, P(4) is true.

Assume that P(k) is true so that
4F = 10 x 2F where k > 4. (1)

We have to show that

4kl - 10 x 9k,



LHS of P(k + 1) = 4*+!
=4 x 4k
>4x10 x 28 (by (1))
=40 x 2% (as10 > 2)
= 20 x 2F#!
> 10 x 21
= RHS of P(k+1)
Therefore P(k + 1) is true.

Since P(5) is true and P(k + 1) is true whenever P(k) is true, P(n) is true for all integers n > 4 by the
principle of mathematical induction.

3" > 5 x 2" wheren > 5

If n = 5 then
LHS = 3° — 243 and RHS = 5 x 2° = 160.
Since LHS > RHS, P(5) is true.

Assume that P(k) is true so that
3* > 5 x 2% where k > 5. (1)

We have to show that
3k+1 > 5 x 2k+1_
LHS of P(k+ 1) = 3%+!
=3 x3k
>3 x5x2% (by(1))
=15x2% (as10 > 2)
> 10 x 2%
=5 % 2k+1
=RHS of P(k+1)
Therefore P(k + 1) is true.

Since P(5) is true and P(k + 1) is true whenever P(k) is true, P(n) is true for all integers n > 5 by the
principle of mathematical induction.

2" > 2nwheren > 3
P(3)

If n = 3 then
LHS =2 = 8and RHS = 2 x 3 = 6.
Since LHS > RHS, P(3) is true.



Assume that P(k) is true so that

2F > 92k where k > 3. (1)

We have to show that
2K~ 2(k +1).

LHS of P(k + 1) = 2k+!
=2 x 2F
>2x2k (by(1))
=4k
= 2k + 2k
>2k+2 (as2k>2)
=2(k+1)
= RHS of P(k + 1)
Therefore P(k + 1) is true.
Therefore P(n) is true for all integers n > 3 by the principle of mathematical induction.

n! > 2" wheren > 4

P4)
If n = 4 then
LHS = 4! = 24 and RHS = 2* = 16.
Since LHS > RHS, P(4) is true.

Assume that P(k) is true so that

k! > 2F where k > 4. (1)

P(k+1)
We have to show that
(k+1)! > 281
LHSof P(k+1) = (k+1)!
= (k+1)kK!
> (k+1) x 28 (by (1))

>2x2% (ask+1>2)
:2k+1

= RHS of P(k + 1)
Therefore P(k + 1) is true.
Therefore P(n) is true for all integers n > 4 by the principle of mathematical induction.

a, =2"+1



If n =1 then
LHS=a; =3and RHS =2' +1=3.
Since LHS = RHS, P(1) is true.

Assume that P(k) is true so that

ar=2+1. (1)

We have to show that
ﬂ-k+] — 2k+1 T 1.

LHSof P(k+1) = ar1
=2ap — 1 (by definition)
=22"+1)—-1 (by (1))
— 2.k+]. + 2_1
— 2.k+]. + 1
=RHSof P(k+1)

Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

b

ap =5"—1

If n =1 then
LHS=a; =4and RHS =5' -1 =4
Since LHS = RHS, P(1) is true.

Assume that P(k) is true so that

ar=5"—4. (1)

We have to show that

ak-l—] — 5k+l — 4.

LHS = a3
= 5ar +4 (by definition)
=5(5"-1)+4 (by (1))

:5k+1_5+4
:5k+1_1
= RHS

Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.
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a, =2"+n
Ifn =1 then

LHS =a; =3and RHS = 2' +1 = 3.
Since LHS = RHS, P(1) is true.

Assume that P(k) is true so that

ar=2+k (1)

We have to show that
gkl —oktl L .

LHS of P(k+ 1) = ag41
=2ar — k+1 (by definition)
=202* + k) —k+1 (by (1)
=2Ml L 9k — k41
—oktl 4 Ly
= RHS of P(k+ 1)

Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

5

3" isoddwheren ¢ N
P(1)

If n = 1 then clearly
3t =3

is odd. Therefore, P(1) is true.

Assume that P(k) is true so that
dF=om+1 (1)

for some m € Z.

3k — 3 x 3k
=3x(2m+1) (by (1))
=6m+3
=6m+2+1
=2B3m+1)+1
is odd, so that P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.



6a | Pn)

n? — niseven, wheren € N.

If n =1 then
12_x1=0

is even. Therefore, P(1) is true.

Assume that P(k) is true so that k2 — k is even. Therefore,
B —k=2m (1)

for some m € Z.

(k+1)?2—(k+1) =k +2k+1—-k—1
=k +k
= (k? — k) + 2k
=2m+ 2k (by (1))
=2(m+k)
Since this is even, P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

b Factorising the expression gives
n? —n=n(n-1).

As this is the product of two consecutive numbers, one of them must be even, so that the product will also be
even.

7a [ P(n) |

n® — n is divisible by 3, where n € N.

If n =1 then
’-1=0

is divisible by 3. Therefore, P(1) is true.

Assume that P(k) is true so that k* — k is divisible by 3. Therefore,
B —k=3m (1)

for somem € Z.



We have to show that (k + 1)* — (k + 1) is divisible by 3.
(k+1° —(k+1) =k +3k> +3k+1—k—1
=k* — k+ 3k* + 3k
= (K — k) + 3k% + 3k
=3m+ 3k +3k (by (1))
=3(m+k + k)
Since this is divisible by 3, P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

Factorising the expression gives n® + n =n(n? — 1) = n(n — 1)(n + 1).
As this is the product of three consecutive numbers, one of them must be divisible by 3, so that the product
will also be divisible by 3.

nl1 2 3 4 5

ay | 9 99 999 9999 99999

We claim that a,, = 10™ — 1.

a, =10" -1
Ifn =1, then

LHS =a; =9and RHS =10' -1 =09,
Since LHS = RHS, P(1) is true.

P(k)
Assume that P(k) is true so that
ap=10—1. (1)

P(k+1)

We have to show that

ak-l—] — 10k+]. —1.

LHS = az
= 10a; +9 (by definition)
=10(10* —1)+9 (by (1))

=101 _ 1049
— 101 _1
— RHS

Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

n|1 23456 7 8 9 10
fo|l 1 2 35 8 13 21 34 55
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1ttt fo=fra—1



Ifn =1 then
LHS=fi=1
and
RHS=f;—-1=2-1=1.
Since LHS = RHS, P(1) is true.

Assume that P(k) is true so that
fitfo+-+fi=fira—1 (1)

LHSof P(k+1)=fi+ fo+ -+ fr + frnr
= fer2 — 1+ firn (by (1))

= fer1+ frra -1
= frsa—1 (by definition)
= frs1)e2 — 1

= RHS of P(k + 1)
Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

fi=1

h+fi=1+2=3
fi+fa+fs=3+5=8
h+fh+f+fri=8+13=21

From the pattern observed above, we claim that
fi + fat+-. -+ fon1 = fon-

fii+fa+--+ fon1= fon
Ifn =1 then

LHS = f; = 1
and

RHS=f—-1=2-1=1
Since LHS = RHS, P(1) is true.
Assume that P(k) is true so that

fit ot + far = fa. (1)

LHS = fi + fa+--- + for_1 + fors

= fa + faer1  (by (1))
= fors2 (by definition)



= fokt1)
= RHS
Therefore P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

6

The Fibonacci number f, is even.

If n =1 then

fr=2

is even, therefore P(1) is true.

Assume that P(k) is true so that faz is even. That s,
fa=2m (1)

for somem € Z.
P(k+1)

fa(k+1) = fake3
= farya + fars1  (by definition)
= fare1 + far + farn
= 2fakv1 + far
= 2fa41 +2m  (by (1))

= 2(far1 +m)
Since this is even, P(k + 1) is true.

Therefore P(n) is true for all n € N by the principle of mathematical induction.

10 [ P(n) |

Since we're only interested in odd numbers our proposition is:
4?1 4 521 s divisible by 9, where n € N.

If n =1 then
4t 45l=09
is divisible by 9. Therefore P(1) is true.
Assume that P(k) is true so that
4261 4 521 _ gy (1)
for some k € Z.

The next odd number will be 2k + 1.



13

Therefore, we have to prove that
42-'64-1 + 52k+1

is divisible by 9.
A2HT | 2Rl 42 o g%1 52 g2kl
=16 x (9m — 5%1) 1 25 x 521 (by (1))
= 144m — 16 x 5771 4 25 x 521
= 144m + 9 x 521
=9(16 + 5% 1)
Since this is divisible by 9, we've shown that P(k + 1) is true.
Therefore P(n) is true for all n € N by the principle of mathematical induction.

P(n)

A set of numbers S with n numbers has a largest element.

P()

If n = 1, then set S has just one element. This single element is clearly the largest element in the set.

I

P(k

Assume that P(k) is true. This means that a set of numbers S with k numbers has a largest element.

Pk +1)

Suppose set S has k + 1 numbers. Remove one of the elements, say x, so that we now have a set with k
numbers. The reduced set has a largest element, y. Put & back in set S, so that its largest element will be the
larger of z and y. Therefore P(k + 1) is true.

Therefore P(n) is true for all n € N by the principle of mathematical induction.

I

P(n

It is possible to walk around a circle whose circumference includes n friends and n enemies (in any order)
without going into debt.

P(1)

If n = 1, there is one friend and one enemy on the circumference of a circle. Start your journey at the friend,
receive $1, then walk around to the enemy and lose $1. At no point will you be in debt, so P(1) is true.

P(k)

Assume that P(k) is true. This means that it is possible to walk around a circle with k friends and k enemies (in
any order) without going into debt, provided you start at the correct point.

)

Suppose there are k + 1 friends and k + 1 enemies located on the circumference of the circle, in any order.
Select a friend whose next neighbour is an enemy (going clockwise), and remove these two people. As there are
now k friends and k enemies, it is possible to walk around the circle without going into debt, provided you start
at the correct point. Now reintroduce the two people, and start walking from the same point. For every part of
the journey you'll have the same amount of money as before except when you meet the added friend, who gives
you $1, which is immediately lost to the added enemy.

Therefore P(n) is true for all n € N by the principle of mathematical induction.

pa
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P(n)



Every integer j such that 2 < j < n s divisible by some prime.

P(2)

If n = 2, then j = 2 is clearly divisible by a prime, namely itself. Therefore P(2) is true.

P(k)

Assume that P(k) is true. Therefore, every integer j such that 2 < j < k is divisible by some prime.

P(k+1)

We need to show that integer j such that 2 < j < k + 1 is divisible by some prime. By the induction assumption,
we already know that every jwith 2 < j < k is divisible by some prime. We need only prove that k + 1 is divisible
by a prime. If k + 1 is a prime number, then we are finished. Otherwise we can find integers a and b such that
k+1=aband2 <a < kand2 < b < k. By the induction assumption, the number a will be divisible by some
prime number. Therefore k + 1 is divisible by some prime number.

Therefore P(n) is true for all n € N by the principle of mathematical induction.

If such a colouring of the regions is possible we will call it a satisfactory colouring .

P(n)

f n lines are drawn then the resulting regions have a satisfactory colouring.

P(1)

If n = 1, then there is just one line. We colour one side black and one side white. This is a satisfactory colouring.
Therefore P(1) is true.

P(k)

Assume that P(k) is true. This means that we can obtain a satisfactory colouring if there are k lines drawn.

P(k+1)

Now suppose that there are k + 1 lines drawn. Select one of the lines, and remove it. There are now k lines, and
the resulting regions have a satisfactory colouring since we assumed P(k) is true. Now add the removed line.

This will divide some regions into into two new regions with the same colour, so this is not a satisfactory
colouring.

However, if we switch each colour on one side of the line we obtain a satisfactory colouring.



This is because inverting a satisfactory colouring will always give a satisfactory colouring, and regions
separated the new line will not have the same colour.
Therefore P(n) is true for all n € N by the principle of mathematical induction.



